We continue our study of zero-dimensional field theories in which the fields take values in a strong homotopy Lie algebra. In a first part, we review in detail how higher Chern-Simons theories arise in the AKSZ-formalism. These theories form a universal starting point for the construction of L ∞ -algebra models. We then show how to describe superconformal field theories and how to perform dimensional reductions in this context. In a second part, we demonstrate that Nambu-Poisson and multisymplectic manifolds are closely related via their Heisenberg algebras. As a byproduct of our discussion, we find central Lie palgebra extensions of so(p + 2). Finally, we study a number of L ∞ -algebra models which are physically interesting and which exhibit quantized multisymplectic manifolds as vacuum solutions.
Introduction and results
Most of our current physical theories, including those describing gravity and string theory, are not truly background independent. That is, their setup includes a given spacetime topology or even a detailed spacetime geometry. It is clear, however, that both topology and geometry of spacetime should ideally emerge from a more fundamental description [1] . There are a number of approaches to solve this problem, but the one which is closest to what we have in mind here is that of the IKKT matrix model [2] , see also [3] . This model is equivalent to ten-dimensional super Yang-Mills theory dimensionally reduced to a point and its degrees of freedom are described in a supermultiplet consisting of ten Lie algebra valued matrices and their 16 fermionic superpartners. It has been conjectured that the IKKT model provides a non-perturbative definition of type IIB superstring theory. Interestingly, vacuum solutions of this model and its deformations by background fluxes can be interpreted as noncommutative spaces. Moreover, the physics of small fluctuations around these vacuum solutions corresponds to noncommutative gauge theories. Even the dynamics of the noncommutative spaces themselves can be extracted and related to a theory of noncommutative gravity, see [4, 5] and references therein.
While this picture is very appealing, there are a number of reasons to consider generalizations in terms of higher Lie algebras or, equivalently, L ∞ -algebras: First and from a mathematician's perspective, it is always a good idea to study deformations and categorifications of mathematical objects to gain a more complete understanding of them.
From a string theorist's perspective, there are many situations in which ordinary Lie algebras are not sufficient, but have to be replaced by categorified Lie algebras. These range from effective descriptions of M-theory over Kontsevich's deformation quantization to string field theory. For a more comprehensive list with more details and references, we refer to the introduction of [6] .
From a quantum field theorists perspective, L ∞ -algebras appear very naturally in BVquantization of classical field theories. Moreover, L ∞ -algebras come with a canonical equation of motion, the homotopy Maurer-Cartan equation. This equation is somewhat universal in the sense that many other physical field theories such as Yang-Mills theories and the recently popular M2-brane models of [7, 8] can be written as a homotopy Maurer-Cartan equation on some L ∞ -algebra, cf. e.g. [9, 10, 11] .
From a gravitational physicist's perspective, there is evidence that the version of noncommutative gravity obtained from the IKKT model is too restrictive [12, 13] . This is perhaps not very surprising, as the noncommutative spaces arising in the IKKT model are Kähler manifolds, and a restriction to those is clearly insufficient. As suggested in [12, 13] , one should turn to Nambu-Poisson manifolds, which have enough overlap with multisymplectic manifolds as we shall explain in detail. On multisymplectic manifolds, the Poisson algebra is replaced by a higher Lie algebra of observables [14] . Again, we are led to generalizing the IKKT model to a model involving L ∞ -algebras.
It is the latter point that provided most of our motivation to continue the study of models built from categorified Lie algebras we began in [6] , considering models employing 2-term L ∞ -algebras. In the present paper, we generalize the discussion to arbitrary (truncated) L ∞ -algebras and refer to the resulting models as L ∞ -algebra models. One of the most important problems to be solved here is that of selecting a physically interesting action. Beyond the dimensional reduction of the bosonic part of the six-dimensional (2,0)-theory, which we will discuss in section 6.2, there is no obvious candidate. Since other versions of higher Yang-Mills theory are unknown, we focus on higher versions of Chern-Simons theories. These theories are conveniently constructed using the language of the Alexandrov-Kontsevich-Schwarz-Zaboronsky (AKSZ) formalism [15] , which we review to the necessary extent. In this construction, both spacetime and higher gauge algebroid are regarded as NQ-manifolds and a connection is described as a morphism of graded manifolds between them, cf. [16, 17, 18] . The curvature then measures the failure of this morphism to be a morphism of NQ-manifold. Examples of NQ-manifolds include Poisson and symplectic manifolds as well as Courant algebroids [19] .
We then show how this description generalizes to supersymmetric field theories by employing NQ-supermanifolds. In particular, we show how to describe maximally supersymmetric Yang-Mills theory and a recently proposed version of the superconformal field theory in six dimensions [20, 21, 22] . This is done by encoding the corresponding supermultiplets into a connection on superspace, which is flat along certain subspaces of this superspace.
In order to follow analogous routes to the construction of the IKKT model, we also study the dimensional reduction of NQ-manifolds and its effect on connections encoded in morphisms between them. While dimensional reduction was discussed previously to some degree in [23] , see also [24] for the case of Courant algebroids, we provide a more complete picture for arbitrary NQ-manifolds here. Applying this reduction procedure to the higher Chern-Simons theories obtained previously then yields an interesting set of examples of L ∞ -algebra models.
In the second part of this paper, we study solutions of L ∞ -algebra models and connect them to certain higher quantum geometries. Just as quantizations of certain symplectic manifolds provide examples of solutions to the IKKT model, we expect higher quantizations of certain multisymplectic manifolds to provide classical solutions of the L ∞ -algebra models. While the full quantization of multisymplectic manifolds is still an open problem, we can discuss solutions using the partial results already available. Note that the quantization map is a homomorphism of Lie algebras when restricted to the Heisenberg algebra consisting of constant and linear functions. Furthermore, this Heisenberg algebra is sufficient for the description of quantized symplectic manifolds as solutions of the IKKT model. Similarly, we expect that we merely require the Heisenberg L ∞ -algebras of multisymplectic manifolds in order to discuss solutions to L ∞ -models, which are readily constructed.
As a first step, we review and extend the known connection between Nambu-Poisson and multisymplectic manifolds. In particular, we point out that each Nambu-Poisson manifold of degree p + 1 which is also a p-plectic manifold, locally comes with a Heisenberg L ∞ -algebra, which agrees with the Heisenberg L ∞ -algebra that is canonically obtained from the multisymplectic structure. This link is very important in general, because the mathematically more appealing structures usually arise on the multisymplectic side, while the physically relevant examples seem to be based on Nambu-Poisson manifolds. In this context, we also show that the Heisenberg L ∞ -algebra of the sphere S n is given by a central extension of so(n + 1) to an n − 1-term L ∞ -algebra.
After this lengthy setup, we consider various interesting L ∞ -algebra models. We start with a Yang-Mills type class of homogeneous L ∞ -algebra models, which come with an L ∞ -algebra valued set of fields. These comprise the IKKT model and have very similar properties. In particular, we can find higher dimensional analogues of the symplectic manifolds whose Heisenberg algebras form solutions to the IKKT model.
They differ, however, from inhomogeneous L ∞ -algebra models, in which each field takes values in a subspace of an L ∞ -algebra with homogeneous grading. Inhomogeneous L ∞ -algebra models arise rather naturally in dimensional reductions of higher gauge theories. As an example, we consider the pure gauge part of the (2, 0)-theory mentioned above. We can readily show that the resulting model is solved by the Heisenberg L ∞ -algebra of
. This is the categorified version of the fact that the IKKT model is solved by the Heisenberg algebra of R 1,3 .
We then show how a very canonical choice of equation of motion arises from dimensionally reducing the higher Chern-Simons action functional: the homotopy Maurer-Cartan equation of the semistrict L ∞ -algebra under consideration 1 . As stated above, the homotopy Maurer-Cartan equation is somewhat universal and we explain in some detail how physically relevant equations of motion are encoded in this equation.
Because of their universality, it is natural to limit ourselves to homotopy Maurer-Cartan L ∞ -algebra models. Particularly appealing about these models is the fact that the input data consists merely of an L ∞ -algebra. We find indeed that a naturally twisted form of these models admits quantizations of p-plectic R p+1 as solutions. This paper is intended as a starting point for future work, studying the dynamics of quantized multisymplectic manifolds, along the lines of [4, 5] , using L ∞ -models.
Metric Lie p-algebroids and symplectic NQ-manifolds
We start with a brief review of some basic concepts and definitions familiar from the AKSZ formalism. In particular, we recall what symplectic NQ-manifolds are and how they are related to metric truncated strong homotopy Lie algebras and metric Lie p-algebroids.
NQ-manifolds
An N-manifold is an N-graded manifold or, and this is where the name stems from, a Zgraded manifold concentrated in non-negative degrees. The terminology is due toŠevera [25] and a detailed review can be found in [19] . In general, an N-graded manifold M is a locally ringed space M = (M, O M ), where M is a smooth manifold and O M is an N-graded C ∞ (M )-sheaf. Alternatively, we can think of an N-graded manifold M being covered by affine charts with coordinates that have each a degree in N. This implies that the structure sheaf O M is filtered:
A simple, but ubiquitous example of an N-manifold is a parity-shifted linear space, like g [1] , where g is some Lie algebra. The coordinates of g [1] all have degree 1 and we say 1 To be precise, it is the homotopy Maurer-Cartan equation of the semistrict Lie p-algebra under consideration tensored with the Graßmann algebra R 1+p [1] . Recall that the tensor product of an L∞-algebra and a differential graded algebra carries a natural L∞-algebra structure.
that the N-manifold is concentrated in degree 1. In general, [n] will denote a shift of the grading of some linear space by n.
Another class of examples of N -manifolds is given by ordinary supermanifolds, which are N-manifolds with grading concentrated in degrees 0 and 1. The canonical example here is the parity shifted tangent bundle T [1]M = ΠT M of some manifold M , in which the base manifold is of degree 0 and the fibers are of degree 1.
A more sophisticated example is T * [2] T [1] M , where the cotangent functor T * creates fibers with the opposite grading to those of the base manifold which are then shifted in degree. Therefore, T * [2]T [1] M is an N-manifold concentrated in degrees 0, 1 and 2. This example appears in the interpretation of exact Courant algebroids as N-manifolds [19] .
Recall that a morphism of graded manifolds φ :
is a degree preserving morphism of ringed spaces. Explicitly, we have a smooth morphism φ 0 : M → N together with a morphism φ * : O N → O M . The latter is fixed by its image on the coordinates generating O N locally. Moreover, its degree 0 part is determined by φ 0 . This picture generalizes the usual morphism between manifolds: for each coordinate Z on N , we have a functional dependence φ * (Z) on the coordinates of M.
An NQ-manifold [25] or differential N-graded manifold is now an N-graded manifold endowed with a homological vector field Q. That is, Q is a vector field of degree one which is nilquadratic, Q 2 = 0. NQ-morphisms between two NQ-manifolds (M, Q) and (M , Q ) are morphisms of graded manifolds ϕ :
The algebra of functions on an NQ-manifold together with the differential Q forms a differential graded algebra, or a dga for short. We shall refer to maps between two such differential graded algebras which respect the grading and the differential as dgamorphisms. Note that morphisms between NQ-manifolds are in one-to-one correspondence with dga-morphisms of the corresponding differential graded algebra of functions. For more details on such morphisms, see e.g. [26] .
The standard example of an NQ-manifold is again given by the shifted tangent bundle T Note that enhancing the shifted linear space g [1] to an NQ-manifold yields a Lie algebra structure on g. The algebra of functions on g [1] is the graded commutative algebra Sym(g [1] * ): that is the graded symmetric tensor algebra, freely generated by some coordinates ξ α , α = 1, . . . , dim g, of degree 1 with respect to a basis τ α of degree 0. A vector field Q of degree 1 is necessarily a differential operator acting on elements of Sym(g[1] * ) as follows:
The equation Q 2 = 0 then amounts to the Jacobi identity for the Lie algebra defined by the structure constants f α βγ . This yields the well-known description of a Lie algebra in terms of its Chevalley-Eilenberg algebra. The vector field Q is called the Chevalley-Eilenberg differential.
Finally, we can combine the last two examples. Consider a vector bundle E → M over some manifold M . Then an NQ-structure on E [1] gives rise to a Lie algebroid [27] . Introducing some local coordinates x a on M and ξ α in the fibers of E[1], we can write
The tensor f α βγ (x) defines a Lie algebra structure on the sections of E, while the tensor m a α (x) encodes the anchor map ρ : E → T M . The Leibniz rule and the fact that ρ is a morphism of Lie algebras follows from Q 2 = 0.
When discussing supersymmetric field theories, we will have to deal with NQ-supermanifolds. In this case, there is a bigrading of the corresponding algebra of functions. The only thing to keep in mind here is that whenever the order of two odd objects is interchanged, a minus sign has to be inserted. Here, an object is to be regarded as odd, if its total degree, which is the sum of the two degrees of the bigrading, is odd.
P-manifolds and symplectic NQ-manifolds
In the context of BV quantization [28, 15] , one often encounters P-manifolds, where P stands for an odd Poisson bracket, which is also called antibracket. The canonical example here is the supermanifold T * [1]R n with local coordinates Z A = (x a , p a ) parameterizing the base and the fibers, respectively, equipped with the graded Poisson bracket 
where ω AB is the inverse of the graded matrix ω AB . For example, the Poisson bracket (2.3) originates from the odd symplectic form ω = dx a ∧ dp a . If we endow T * [1]R n with the homological vector field Q = π ab p a ∂ ∂x b with π ab = −π ba and Q 2 = 0, then ω is Q-invariant:
ab dp a ∧ dp b = 0 .
There is now a generalized Darboux theorem for PQ-manifolds [29] which states that on any PQ-manifold M, we can write ω = dx a ∧ dp a in some local coordinates (x a , p a ), a = 1, . . . , d.
In this paper, we shall require symplectic forms of general degree 2 . We thus define a symplectic NQ-manifold of degree n as an NQ-manifold endowed with a symplectic form ω of degree n satisfying L Q ω = 0. Such structures were called Σ n -manifolds in [25] . A relevant example of a symplectic NQ-manifold of degree 2 is
M with local coordinates (x a , ξ a , p a ) and symplectic form ω = dx a ∧ dp a + 1 2 g ab dξ a ∧ dξ b , where g is some invertible matrix.
Let now M be a symplectic NQ-manifolds of degree n with local coordinates Z A = (x a , ξ α , . . .) and symplectic form ω = 1 2 dZ A ∧ ω AB dZ B . We can associate to any function f ∈ C ∞ (M ) a corresponding Hamiltonian vector field X f via 6) where ι X and d denote contraction along X and the exterior derivative on M, respectively. Inversely, we can refer to f as the Hamiltonian of X f . For a function f , the parity of X f is the opposite of that of f for odd n, and the same for even n. Clearly, Hamiltonian vector fields generate symplectomorphisms:
Note that the homological vector field Q with Q 2 = 0 and L Q ω = 0 is the Hamiltonian vector field of a function S satisfying {S, S} = 0. We can compute this function using the Euler vector field, which reads as
expressed locally in coordinates Z A . A closed, homogeneous form λ of degree m, i.e. such that L ε λ = mλ and dλ = 0, is exact, that is λ = dϕ, with ϕ = 1 m ι ε λ. In particular, one can check that L ε ω = nω, for the symplectic structure of degree n, so that the symplectic potential is α = 1 n ι ε ω, and dα = ω. Similarly one can compute that L ε ι Q ω = (n + 1)ι Q ω. But ι Q ω is, by definition, the exterior derivative of the Hamiltonian S of Q: ι Q ω = dS. Explicitly, we therefore have (see e.g. [30] )
Conversely, any function S with {S, S} = 0 has a homological Hamiltonian vector field. Note that we have the following tower of symplectic NQ-manifolds of degree n. In the case n = 0, non-degeneracy of the symplectic structure implies that the NQ-manifold is concentrated in degree 0 and we thus obtain an ordinary symplectic manifold. As stated above, for n = 1, the NQ-manifold is necessarily of the form T * [1] M and the Hamiltonian is a bivector field on M . We thus obtain a Poisson manifold. Continuing along these lines, we find that n = 2 yields a Courant (2-)algebroid [25, 19] , as we shall review later.
As a final example, let M = T * [1]N be the shifted cotangent bundle of the manifold N = X × g [1] , where X is a G-manifold for some Lie group G with Lie algebra g. The coordinates on M are Z A = (x a , p a , ξ α , ζ α ) with degree (0, 1, 1, 0) respectively. The standard P-structure on T * [1] N is then
while a nilpotent Q, of degree 1, preserving ω is necessarily of the form
Here, the f α βγ are the structure constants of the Lie algebra g in a basis (τ α ), where a general element of g [1] is of the form ξ α τ α . The anchor map of a Lie algebroid structure over X × g * is encoded in the first and last summand of Q. We arrive at a symplectic NQ-manifold of degree 1, which is of the form
L ∞ -algebras and L ∞ -algebroids
To describe higher gauge theory leading to L ∞ -algebra models later, we have to generalize our discussion from Lie algebroids to (symplectic) Lie p-algebroids. The latter are iterative categorifications of the notion of a Lie algebroid and they are most easily described using the analogue of the Chevalley-Eilenberg description of Lie algebras.
As a first step, let us consider the Chevalley-Eilenberg description of an L ∞ -algebra. Here, we have a differential graded algebra Sym(g [1] * ), where g is a linear N-manifold with global coordinates Z A of degree |A| ∈ N in some basis τ A of degree 0. The homological vector field Q on the NQ-manifold g [1] is of the general form
11) where
The minus signs are inserted for later convenience. The fact that Q is of degree one restricts the type of non-vanishing generalized structure constants m A B 1 ...B k
. They define a set of brackets on elements of g, which leads to the dual picture of an L ∞ -algebra. We now also introduce the graded basisτ A on g: here all coordinates are of degree 0, while theτ A absorb the grading of Z A pre-shift. To match common conventions in the literature, we chooseτ A such that |τ A | = |A| − 1. We then get the brackets
where each bracket µ k itself has degree k − 2. The condition Q 2 = 0 directly translates to homotopy Jacobi identities, and together with the brackets, g forms an L ∞ -or strong homotopy Lie algebra [31] . At lowest order, we have
14)
The ±-sign in the last term has to be chosen according to the grading ofτ A . If the NQ-manifold is concentrated in degrees 1 to p, the resulting L ∞ -algebra is truncated and it is categorically equivalent to a (semistrict) Lie p-algebra.
Morphisms of L ∞ -algebras and Lie p-algebras are now simply morphisms of the underlying NQ-manifolds, see also [26] and references therein.
The most general situation of an L ∞ -algebroid is obtained by considering an arbitrary NQ-manifold M. Contrary to the last example, the degree 0-component M of M will be non-trivial, and we will refer to this component as the body M 0 of M. At a point x ∈ M 0 , we can introduce a system of coordinates Z A = (x a , ξ α , . . .) and express the homological vector field Q in the form 3 
Metric L ∞ -algebroids
Adding a symplectic structure to an NQ-manifold adds a metric to the corresponding L ∞ -algebroid. Since the discussion of a metric will be crucial later on, we shall be rather explicit in explaining this fact.
We first restrict ourselves to L ∞ -algebras arising from NQ-manifolds concentrated in
For the original references and more details on cyclic inner products, see [32, 33, 34, 35] . Take an NQ-manifold M, without body, which is endowed with a symplectic form ω satisfying L Q ω = 0. This symplectic form gives rise to a cyclic inner product on the corresponding L ∞ -algebra. In particular, if n is the degree of ω, we obtain a Lie p-algebra with p = n − 1. The latter relation between p and n will hold throughout rest of the paper.
Instead of considering the general case, let us illustrate this statement using the case of a Lie 2-algebra. Take a symplectic NQ-manifold 17) while the symplectic form is given by
For the graded basis vectorsτ
, which generate the L ∞ -algebra, we have the corresponding higher brackets
(2.19) The fact that Q 2 = 0 implies the following homotopy relations on the higher brackets:
(2.20b)
The inner product on the graded basis vectorsτ A reads as (
which implies that
The generalization to L ∞ -algebroids is readily performed. To illustrate this, we consider the case of symplectic Lie 2-algebroids or Courant algebroids, see also [19] . Here, we have a graded manifold
, where E is some vector bundle over a manifold M . We introduce local Darboux coordinates (x a , ξ α , p a ) with grading 0, 1 and 2, respectively, in which the symplectic form of degree 2 reads as
(2.24)
The above data now encodes a Courant algebroid. The relevant vector bundle E is M 1 → M 0 , i.e. the vector bundle E[1] we started from. A section ξ of this bundle is locally given by functions ξ α (x) and the anchor map :
The inner product between fiber elements ξ 1 = ξ α 1 τ α and ξ 2 = ξ α 2 τ α in some (degree 0) basis (τ α ) of the fibers is given by (ξ 1 , ξ 2 ) := ξ α 1 ω αβ ξ β 2 . Note that the anchor map also defines a pullback D of the exterior derivative d on M 0 via the adjoint map
In terms of the graded basisτ α in which the coordinates have degree 0, the Courant bracket on sections is
where the last term is a cyclic sum. The remaining axioms of Courant algebroids read as
. These are readily verified to hold, too. Note that for M 0 a point, we obtain a metric Lie algebra.
Weil algebras and invariant polynomials
The Weil algebra W(g) of an L ∞ -algebroid g is the Chevalley-Eilenberg algebra of the tangent L ∞ -algebroid T [1]g, endowed with a canonical Chevalley-Eilenberg differential, cf. [36] . For example, the Weil algebra of the trivial Lie algebroid consisting of a manifold M is the algebra of functions on the tangent Lie algebroid T [1]M , which is given by the de
Here, we will be interested in the Weil algebra of an L ∞ -algebra g. As a vector space, the tangent L ∞ -algebra T [1]g can be identified with g⊕g [1] and we obtain the Weil algebra as the graded vector space
acts on the coordinates ξ α of g [1] as follows:
Note that for an ordinary Lie algebra, this reproduces the conventional definition of the Weil algebra.
The Weil algebra has trivial cohomology and fits into the sequence
where π W is the obvious projection
The invariant polynomials inv(g) are elements of the Weil algebra that sit completely in Sym(g[2] * ) and are closed under d W . Therefore, the obvious contraction of an element p ∈ inv(g) with an element of X ∈ g vanishes and so does its Lie derivative
, which encodes the coadjoint action of X on elements of W(g). This justifies referring to these elements as invariant polynomials. For the trivial Lie algebroid consisting of a manifold M , the invariant polynomials are closed differential forms of minimal degree 1. For an ordinary Lie algebra g, we recover the usual invariant polynomials. Recall that these are given by expressions p(
There is now a transgression between a Chevalley-Eilenberg cocycle and an invariant polynomial going through a Chern-Simons element of the Weil algebra: Given a cocycle κ ∈ CE(g) with d CE κ = 0 as well as an invariant polynomialω ∈ inv(g), then χ is called a corresponding Chern-Simons element if d W χ =ω and χ| CE = κ. Note that this type of transgression is closely related to the transgression of forms on the typical fiber of a fiber bundle to forms on its base.
As a straightforward example, consider the symplectic NQ-manifold (g [1] , ω) concentrated in degree 1, where ω = 1 2 dξ α ∧ ω αβ dξ β , in some coordinates ξ α on g [1] , and
) with generators d g ξ α in the fibers and ξ α on the base, the invariant polynomial corresponding to ω isω =
Note that the Hamiltonian S = − 1 3! ω αδ f δ βγ ξ α ξ β ξ γ of the homological vector field Q is indeed a Chevalley-Eilenberg cocycle, since QS = {S, S} = 0 by definition. The invariant polynomial corresponding to ω can now be obtained as a transgression of the Chevalley-Eilenberg cocycle S via the Chern-Simons element
because we have d W χ =ω and evidently χ| CE(g) = 1 n S. We can generalize this to arbitrary symplectic NQ-manifolds M with local Darboux coordinates Z A and symplectic form ω = 1 2 dZ A ∧ω AB dZ B of degree n. As shown in [30] , the cocycle 1 n S = 1 n(n+1) ι ε ι Q ω can be transgressed to the invariant polynomial corresponding to the symplectic form, via the Chern-Simons element χ = 1 n (ι ε ω + S), where ε is the Euler vector field (2.7). We will present the details for n = 3 in section 3.4.
Higher gauge theory with symplectic NQ-manifolds
Higher gauge theory [37, 38, 39, 40] describes the parallel transport of extended objects, just as ordinary gauge theory describes the parallel transport of point-like objects. In this section, we concisely review the formalism of [16, 17, 18] , see also [41] . This formalism describes higher gauge theories in terms of morphisms between NQ-manifolds, generalizing the ideas of [42] and [15] . We also make contact with the discussion in [36, 30] .
Motivating example: Ordinary gauge theory
Let us start by reformulating the local kinematical data of ordinary gauge theory in the language of NQ-manifolds. A connection on a topologically trivial principal fiber bundle P with structure group G over a manifold Σ can be encoded in a 1-form A taking values in the Lie algebra g = Lie(G). Its curvature is F = dA + The gauge algebra g is also regarded as an NQ-manifold g [1] with Q = d CE being the Chevalley-Eilenberg differential. Recall that on some coordinates ξ α on g [1] with respect to a basis τ α , Q acts according to
where f α βγ are the structure constants of g, cf. section 2.1. The Lie algebra valued 1-form A is then encoded in a morphism of graded manifolds a :
is concentrated in degree 1, this morphism is fully characterized by a map a * : ξ α → A α , where A = A α τ α is a g-valued 1-form on Σ. The curvature F = F α τ α of A corresponds now to the failure of a to be a morphism of NQ-manifolds:
Since gauge potentials are described by morphisms of graded manifolds, it is only natural to describe gauge transformations in terms of flat homotopies between these [16, 43] . That is, given two gauge equivalent gauge potentials in terms of morphisms a,ã of graded
, we lift these to a morphism of graded manifolds,
such that the restrictions to the endpoints of [0, 1] yield a andã. More explicitly, introducing coordinates x µ and r on Σ and [0, 1], respectively, we demand thatâ(x, r)| r=0 = a(x) andâ(x, r)| r=1 =ã(x). The morphismâ is fully characterized by a mapâ :
Its curvature which is calculated with respect to the augmented homological vector field 5) and for the homotopy to be flat,F ⊥ has to vanish. This implies that
and we recover the usual infinitesimal gauge transformations with gauge parameter A r (x, 0). The differential equation (3.6) can now be integrated to obtain finite gauge transformations.
In the global picture, we would consider the Atiyah Lie algebroid associated to the principal fiber bundle P over Σ [42] . This algebroid T [1]P/G sits in the exact sequence of vector bundles
where ad [1] (P ) is the grade-shifted vector bundle associated to P by the adjoint action.
A connection is then a splitting of this sequence as vector bundles, i.e. a map of graded manifolds (or, equivalently here, a bundle map) a :
If this splitting is a morphism of Lie algebras, then the connection is flat. Usually, the Courant (Lie 2-)algebroid is identified with a categorified Atiyah Lie algebroid; however, the complete picture is still unknown, as far as we are aware.
General higher gauge theory
We now generalize the picture of the previous section to arbitrary symplectic L ∞ -algebroids. We start again from the NQ-manifold (T [1]Σ, d Σ ), assuming that Σ is contractible. The gauge symmetries together with a potential σ-model target space are encoded in a metric L ∞ -algebroid, which we regard again as a symplectic NQ-manifold (M, ω, Q M ). We choose coordinates
which is not necessarily a morphism of NQ-manifolds. The map a encodes a function a 0 on Σ with values in M 0 , which can be regarded as a field in a (non-linear) sigma model. Moreover, a contains M i -valued i-forms a i over Σ for all i ≤ dim Σ. Together, they contain the connective structure of an underlying higher principal bundle. The local kinematical data of higher gauge theory is therefore encoded in the map a. The curvature of the connective structure, as well as the covariant derivative of the sigma model field a 0 are the failure of a to be a morphism of NQ-manifolds. To develop this statement a little further, we consider the diagram
where the homological vector fields d Σ and Q M are regarded as sections. Since both maps a * • d Σ and Q M • a end in the same fiber over M, the map
is well-defined and together with the trivial projection π :
We can now regard elements of Ω • (M) as functions on T [1]M and pull them back along f . For h ∈ C ∞ (M) in particular, we have 12) where d M is the exterior derivative on M and we used
Finally, because of the properties of the pullback of functions, we have
which follows from equations (3.12). Altogether, the covariant derivative of a 0 and the curvatures of the connective structure encoded in the a i , for i > 0, are encoded in the morphism of NQ-manifolds f . Note that by enlarging the picture to T [1]M, we made the transition from the Chevalley-Eilenberg algebra (the functions on M) to the Weil algebra (the functions on T [1]M), cf. section 2.5. A morphism of NQ-manifolds f :
The connective structure is flat if and only if f * factors through the Chevalley-Eilenberg algebra CE(M). That is, in this case we have an a * such that
is commutative. As in the case of ordinary gauge theory, higher gauge transformations are again given by flat homotopiesâ :
Alternatively, we can regard them as concordances between dga-morphisms f * ,f * : [36] .
Characteristic classes of the higher principal bundles endowed with the higher connective structure are given by pullbacks along f of invariant polynomials on T [1]M [17] . For example, consider the symplectic form on M, given by ω = 1 2 dZ A ∧ ω AB dZ B in some local Darboux coordinates Z A . We regard ω as a function on T [1]M and find its pullback along f to be
where F is the curvature of the connective structure.
In the case of ordinary gauge theory with M = g [1] , the invariant polynomials are of the
The corresponding pullbacks reproduce in particular all the Chern characters and the pullback of the symplectic form f * (ω) is simply the second Chern class.
Fake curvatures and dga-morphisms
One of the goals of higher gauge theory is to describe the parallel transport of extended objects along submanifolds. To guarantee that this parallel transport is invariant under reparameterizations of these submanifolds, consistency conditions have to be imposed. These consistency conditions correspond to the vanishing of all so-called fake curvatures, see e.g. [38] .
Vanishing of the fake curvature arises very naturally in twistor descriptions of higher gauge theory [20, 21, 22] . It also renders the gauge transformation of the curvature covariant. The latter point is important in a potential discussion of the maximally superconformal field theory, or (2,0)-theory, in six dimensions. This theory contains a self-dual 3-form curvature, and imposing a self-duality condition is only gauge invariant for vanishing fake curvature.
When regarding a connective structure as a dga-morphism f * : W(M) → C ∞ (T [1]Σ), the fake curvatures are precisely all but the highest form-degree element of the corresponding curvatures. That is, vanishing of the fake curvatures means that the map a fails to be a morphism of NQ-manifolds only in its highest degree component. We will comment more on this point when discussing examples.
Higher Chern-Simons actions and AKSZ σ-models
Let us now go beyond the kinematical data and specify dynamical information via an action principle. A particularly interesting class of models can be obtained from the AKSZ formalism, cf. [15, 41, 44, 30] . The AKSZ formalism is a very general technique for constructing action functionals within the Batalin-Vilkovisky formalism. Here, we are interested in merely the resulting classical theories. These are generalizations of the Chern-Simons action functional in the sense that the corresponding Euler-Lagrange equations lead to completely flat connective structures. That is, we are looking for actions that force the morphism of graded manifolds a : T [1]Σ → M to be a morphism of NQ-manifolds. Accordingly, gauge transformations will turn out to be 2-morphisms of NQ-manifolds, which can be identified with homotopies between NQ-morphisms.
Consider a symplectic NQ-manifold of degree n, (M, ω, Q), as well as a morphism of graded manifolds a : T [1]Σ → M, where Σ is n + 1-dimensional. Let χ be a Chern-Simons element, via which the Hamiltonian S of Q is transgressed to the invariant polynomial corresponding to the symplectic form. Then the functional corresponding to the pullback of χ,
is the (classical) AKSZ action. For Poisson Lie algebroids, this construction yields Poisson sigma-models [16] , and for Courant algebroids we obtain Courant sigma models [41] . As a first example relevant to us, we reconstruct ordinary Chern-Simons theory in this way. Let Σ be a three-dimensional manifold and g a Lie algebra. We regard the Lie algebra as a symplectic NQ-manifold of degree 2 (g [1] ,
cf. section 2.5, and the corresponding AKSZ action functional is the ordinary Chern-Simons action functional of a connection on a trivial principal bundle over Σ:
where we used the facts that ω αβ encodes the Killing form and
Next, let us consider the first categorification in the form of four-dimensional higher Chern-Simons theory. Here, we start from a four-dimensional manifold Σ and let (g [1] , d CE ) be the symplectic NQ-manifold of degree 3 given by T * [3]V [1] , where V is some vector space. This NQ-manifold was discussed in detail in section 2.4. We will again use coordinates ξ α on V [1] and p α in the fibers of T * [3]V [1] . The symplectic form reads as ω = dξ α ∧ dp α and the Hamiltonian S of the homological vector field Q given in (2.17) reads as
The Chern-Simons element witnessing the transgression between ω and S is given by 21) which yields the AKSZ action functional
The field content in this action functional is given by a local connective structure on a principal 2-bundle over Σ. That is, we have a 1-form potential
). The additional minus sign in front of B is inserted for convenience, to match conventions most commonly used in the literature. Varying the action (3.22), we obtain the following equations: which evidently describe a flat connective structure on a principal 2-bundle with structure Lie 2-algebra V → W . This motivates the identification of the AKSZ action functionals with higher Chern-Simons theories.
Note that for a strict Lie 2-algebras with µ 3 = 0, we obtain the usual BF -theory. In particular, if µ 1 = id : V ∼ = W → W , we arrive at a (BF + BB)-type action, cf. the examples in [40] .
The above construction can be readily extended to any metric Lie p-algebra, or equivalently any NQ-manifold, or even any metric Lie p-algebroid, or its corresponding NQ manifold. The p-algebra action is the usual
where we indicate by d Σ the exterior derivative on the (p + 2)-dimensional space-time manifold Σ. We now wish to make contact with the traditional description of L ∞ -algebras in terms of higher brackets. For this, we move again the grading |A| from the (weightshifted) coordinates Z A , to the (unshifted) generators of the p-algebraτ A , cf. equation (2.13). Coordinates now have degree zero, while |τ A | = |A| − 1 and we group them all into one Z = A Z Aτ A of mixed degree. Recall that in these conventions, the products µ k carry degree k − 2. We have that
Let us assign the nomenclature 26) where r = |A| ≤ p is the weight of the Z A coordinate. This way, taking the difference of the N-grading and the de Rham degree, each component of φ has total degree (−1) and thus the correct behavior under permutations inside the multi-brackets. We can exchange the structure constants m B C 1 ···C k for the brackets µ k :
The action then becomes 28) and the equations of motion can therefore be written as
where we readily recognize the homotopy Maurer-Cartan equations 4 appearing, separated degree by degree. We shall return to a more general discussion of equations of motions of dimensionally reduced AKSZ actions in section 6.
Supersymmetric gauge theory with NQ-manifolds
Recall that the IKKT model is obtained by dimensionally reducing ten-dimensional maximally supersymmetric Yang-Mills theory, and we expect a similar relation between relevant L ∞ -algebra models and higher gauge theories. It is therefore important to understand both supersymmetric field theories as well as their dimensional reductions within the framework presented in the previous sections.
Maximally supersymmetric field theories
Ordinary field theories on Minkowski space that do not involve gravity can have maximally 16 real supercharges. The representation theory of the corresponding supersymmetry algebras in the various dimensions give then rise to the possible field contents, cf. [45] . Here, we shall be interested in maximally supersymmetric Yang-Mills theories and superconformal field theories in six dimensions. All maximally supersymmetric Yang-Mills theories on flat d-dimensional Minkowski space 0 ≤ d < 10, are obtained by dimensionally reducing N = 1 super Yang-Mills theory on ten-dimensional Minkowski space R 1,9 [46] . To describe this theory, consider a principal fiber bundle over R 1,9 with structure group G and connection ∇ together with a MajoranaWeyl spinor ψ taking values in the adjoint representation of the Lie algebra g of G. The Majorana-Weyl spinor has 16 real components and satisfies
where C is the charge conjugation operator and Γ = iΓ 0 . . . Γ 9 , being the product of all generators Γ µ of the Clifford algebra C (R 1,9 ), has chiral spinors as eigenspinors.
The action of N = 1 super Yang-Mills theory reads as
Here, F is the curvature of the connection ∇, inner products on g and its adjoint representation are denoted by (·, ·), vol is the volume form on R 1,9 and ∇ / is the usual Dirac operator.
In the following, we will choose the standard basis on R 1,9 and work with components
3)
The equations of motion resulting from varying (4.2) read as
They are invariant under the supersymmetry transformations
where
and ε is the Majorana-Weyl spinor parameterizing the 16 supercharges. The action (4.2) is also invariant under the supersymmetry transformations (4.5) up to terms that vanish on-shell, i.e. after imposing the equations of motion.
A manifestly supersymmetric formulation of the action of Yang-Mills theory with more than four real supercharges is difficult at best, and not readily available in the maximal case of 16 supercharges. This is due to the fact that for more than four real supercharges, we have to keep track of an infinite number of auxiliary fields to close the supersymmetry algebra off-shell. At the level of equations of motion, however, a superspace formulation does exist and we will briefly review the details in the following. We start from the superspace R 1,9|16
with bosonic coordinates x µ , µ = 0, . . . 9 and fermionic coordinates θ α , the latter forming a 16-component Majorana-Weyl spinor in ten dimensions. On R 1,9|16 , we introduce the fermionic derivatives
which satisfy the algebra
The connection and curvature now have components along the fermionic directions 8) where the components of the curvature along vectors X, Y on R 1,9|16 are given as usual by
Moreover, the connection, its curvature and the spinor Ψ are now superfields and depend on both x µ and θ α . Interestingly, one can show that supergauge equivalence classes of solutions to the super Yang-Mills equations on R 1,9|16 given in terms of the superfields A and Ψ, 10) are in one-to-one correspondence to gauge equivalence classes of solutions to the ordinary super Yang-Mills equations (4.4) on R 1,9 [47] .
An additional advantage of the superfield formulation is the fact that the supergauge equivalence classes of solutions to the super Yang-Mills equations on R 1,9|16 given in terms of the superfields can be equivalently described as superconnections which satisfy the following constraint equation [47] 
Here, the spinor superfield Ψ is identified with a curvature component according to 12) and the Bianchi identities imply the superfield equations of motion (4.10). We can state that solutions to the ten-dimensional super Yang-Mills equations are equivalent to superconnections on R 1,9|16 which are partially flat.
As mentioned above, maximally supersymmetric Yang-Mills theories in lower dimensions are obtained from the ten-dimensional theory by a simple dimensional reduction. The components of the gauge potential along the reduced directions turn into the scalar fields of the theory, while the Majorana-Weyl spinor ψ in ten dimensions breaks up into corresponding spinors in lower dimensions.
A similar formulation exists of the maximally supersymmetric conformal field theory in six dimension, which was obtained by a twistor description in [20, 21, 22] . The relevant superspace here is R 1,5|16 with coordinates x µ and η α I , where I = 1, . . . , 4 is the R-symmetry index, and α = 1, . . . 4 are (chiral) spinor indices. The R-symmetry group is Sp(2), regarded as elements of SU (4) Here, σ µ αβ are the analogue of the Pauli sigma matrices in six dimensions and we also introduceσ µαβ = 1 4! ε αβγδ σ µ γδ . Consider now a principal 2-bundle over R 1,5|16 with connective structure. The latter is described by global 1-and 2-forms, taking values in the subspaces of degree 0 and 1 of a 2-term L ∞ -algebra. The resulting curvatures
have to satisfy the following constraint equations:
The second equation above amounts to H = H on the purely bosonic part of H. The other equations identify scalar and spinor fields belonging to the N = (2, 0) supermultiplet in six dimensions. The Bianchi identities will result in field equations together with Ω IJ Φ IJ = 0. We will come back to this theory in section 6.
Dimensional reduction
If we want to describe maximally supersymmetric Yang-Mills theories in less than 10 dimensions using morphisms between NQ-manifolds, we clearly need a mechanism of dimensionally reducing the theory. By dimensional reduction, physicists usually mean the process of compactifying one or several dimensions of space-time to a torus and letting its radii shrink to zero. In this process, the fields acquire discrete momentum modes in the compactified directions and the energy of all modes except for the constant or zero-mode diverges as the radii shrink. This justifies to neglect these modes in the lower-dimensional considerations. Let us be slightly more general in the following. We start from our usual setup of a contractible manifold Σ and regard its parity-shifted tangent bundle T [1]Σ as an NQmanifold, where Q = d Σ . Consider now a set of integrable vector fields generating a subgroup T of the isometries on our space-time manifold Σ along the directions we want to reduce. Imposing the condition that all relevant fields and equations are invariant under this group T amounts to dimensionally reducing our equations. Our reduction should be compatible with the Q-structure on Σ, which will be guaranteed if the homological vector field Q commutes with the integrable vector fields generating T.
As a simple but relevant example, consider the reduction of Σ = R 1,9 with coordinates x M , M = 0, . . . , 9 to R 1,3 with coordinates x µ , µ = 0, . . . , 3. Let T ∼ = R 6 be the abelian group of translations in R 1,9 generated by the vector fields ∂ ∂x i , i = 4, . . . , 9. These clearly commute with Q Σ = ξ M ∂ ∂x M , as ξ M is constant. Consider now a connection on a principal bundle over Σ encoded in a morphism of graded manifolds a : T [1]Σ → g [1] . Imposing the condition that the connective structure a is invariant under T restricts a to a morphism of graded manifolds a red :
. Correspondingly, gauge transformations in the form of homotopies are restricted in the evident way. It is now easy to see that a red encodes a gauge potential on R 1,3 with values in the Lie algebra g together with six scalar fields φ i in the adjoint representation of g. The lifted morphism of NQ-manifolds f of (3.10) contains both the field strength of the gauge potential as well as the covariant derivatives of the scalar fields.
In our above reduction, matter fields in the adjoint representation arise from extending the tangent bundle T [1]R 1,3 by additional directions. Ideally, however, we would like matter fields to appear from extending g [1] to an action Lie algebroid instead. Let us comment on this point in the following.
Given an action of a Lie group G on some manifold X, we have a corresponding action Lie groupoid X//G which is G × X ⇒ X, where s(g, x) = x and t(g, x) = g x for all (g, x) ∈ G × X. We are interested in the case where X = g n = Lie(G) n and is the adjoint (and diagonal) action of G on g n . The corresponding action Lie algebroid Lie(X//G) is the trivial bundle E = g n × g → g n , where the anchor is implicit in the action of g on g n . The corresponding NQ-manifold is given by E [1] and the differential Q is simply the sum of the anchor map and the Chevalley-Eilenberg differential of g.
A morphism of graded manifolds φ :
is necessarily linear and therefore characterized by a matrix φ α i , α = 1, . . . dim(g), i = 1, . . . 6. This matrix also encodes a map φ : * → g 6 . Therefore the reduced morphism of graded manifolds a red :
can be regarded as a morphism of graded manifolds a red :
, where
is the total space of the action Lie algebroid discussed above for n = 6. Gauge symmetries act evidently appropriately, and the morphism of NQ-manifolds f of (3.10) still encodes both the curvature of the gauge potential as well as the covariant derivative of the scalar field.
Supersymmetric gauge theories using NQ-manifolds
We now have everything at our disposal to implement supersymmetric field theories in the NQ-manifold picture. A naïve approach would be to introduce all component fields by hand. It is, however, much more natural to use the superfield formalism introduced in section 4.1. As stated before, we will not be able to write down manifestly supersymmetric actions, as off-shell formulations for supersymmetric theories with more than four real supercharges are cumbersome at best and usually not available at all.
We start from the superspace Σ = R 1,9|16 together with its parity shifted tangent bundle T [1]Σ. Note that we are considering a bigrading: the shift happens in a different N-grading from the Z 2 -grading of the superspace Σ. Recall that an object with bidegree (p, q), p ∈ N and q ∈ Z 2 is even if p + q is even and odd otherwise. We choose local coordinates x µ , µ = 0, . . . , 9, and θ α , α = 1, . . . , 16 on the base of T [1]Σ, which are even and odd, respectively, as well as coordinates ξ µ and t α in the fibers of T [1]Σ, which are odd and even, respectively. The homological vector field reads therefore as
A morphism of graded manifolds (which we assume to merely respect the N-grading)
now encodes a gauge potential on R 1,9 together with a spinor field on the same space in the adjoint representation of g [1] , which form the field content of N = 1 super Yang-Mills theory in ten dimensions. The equations of motion are now readily imposed in the form of constraint equation (4.11). We demand that
where w a are coordinates on g [1] and D α are the fermionic derivatives introduced in (4.6).
To obtain lower dimensional maximally supersymmetric Yang-Mills theories, we have to dimensionally reduce the above picture. Let us consider the case of N = 4 super Yang-Mills theory in somewhat more detail. Here, we reduce by factoring out the abelian group generated by the integrable vector fields ∂ ∂x i , i = 4, . . . , 9. This reduces Σ to Σ red = T [1]R 1,3|16 × R 6 [1] . The space R 1,3|16 is now coordinatized by x µ , µ = 0, . . . , 3 and θ iα ,θα i , where i = 1, . . . , 4 and α,α = 1, 2. Again, we shift from a morphism of N-graded manifolds a red : Σ red → g [1] to a morphism a red : T [1]R 1,3|16 → Lie(g 6 //G), where Lie(g 6 //G) is the action Lie algebroid of the diagonal adjoint action of G on g 6 . The equations of motion are now imposed by demanding a dimensionally reduced form of (4.18): 19) where D αi andD iα are dimensional reductions of the fermionic derivatives D α of (4.6) and w a are coordinates in the total space of E := Lie(g 6 //G).
As a side remark, note that one can similarly describe N = 4 self-dual Yang-Mills theory in four dimensions [48] . This theory has the same supermultiplet as N = 4 super Yang-Mills theory, but the anti-selfdual field strength is replaced by an auxiliary field of helicity -1. Its equations of motion comprise F = F together with equations for the remaining fields in the multiplet. They are invariant under the chiral part of the N = 4 supersymmetry algebra (i.e. under 8 supercharges). In this case, the equations of motion can be encoded on the NQ-manifold T [1]R 1,3|8 → Lie(g 6 //G) arising from T [1]R 1,3|8 ×R 6 [1] as above as follows:
where ∂ αα is the coordinate derivative in spinor notation: ∂ αα ∼ σ µ αα ∂ ∂x µ . Fully analogously, we obtain a description of the six-dimensional superconformal field theory. Here, we start from the supermanifold Σ = R 1,5|16 with coordinates as introduced in section 4.1. The NQ-manifold describing the gauge structure is a 2-term L ∞ -algebra
with local coordinates v m and w α . A morphism of N-graded manifolds
captures the local connective structure of a principal 2-bundle over Σ, as well as spinor and scalar superpartners, cf. [20, 21, 22] . The relevant constraint equations comprise
The first equation yields a vanishing fake curvature (i.e. the 2-form part F of the curvature f vanishes), while the second equation implies self-duality of the 3-form part H of f as well as the corresponding supersymmetric matter field equations.
Nambu-Poisson and multisymplectic manifolds

The IKKT model and emergent geometry
The Ishibashi-Kawai-Kitazawa-Tsuchiya (IKKT) model [2, 3] is the 0-dimensional field theory or matrix model
where X µ are scalar fields obtained by Kaluza-Klein reduction of a gauge potential on R 1,9
and ψ are their superpartners, both taking values in u(H), where H is a Hilbert space with countable dimension. Often, we are interested in deformations of this model arising from turning on background fluxes. A prominent such deformation is
The IKKT model can be obtained by regularizing the Schild action of the type IIB superstring with target R 1,9 . In this action, sigma model fields, Poisson brackets and integrals appear, which can be regularized by matrices, Lie brackets and traces. This process amounts to replacing the Poisson manifold R 1,9 with a quantization in terms of ten-dimensional Moyal space. Alternatively, dimensionally reducing maximally supersymmetric Yang-Mills theory on R 1,9 to zero dimensions also yields the IKKT model.
This model has been suggested as a background independent formulation of string theory. For a truly background independent formulation, ten-dimensional Minkowski space still features uncomfortably prominently in the IKKT model. On the other hand, this is due to the IKKT model being the most symmetric zero-dimensional model with 32 supercharges (including κ-symmetry).
Nambu-Poisson structures
The IKKT model is particularly attractive as quantized spacetimes "emerge" as solutions of the model. Moreover, small fluctuations of these solutions can be interpreted as gauge field theories on the corresponding quantized spacetimes [49] . One might now go a step further and ask to what extent there is a dynamics of these quantized spacetimes, see [4, 5] and references therein.
A strong limitation is given by the fact that geometrically quantized manifolds arising as solutions to the IKKT model are automatically Kähler. To get arbitrary manifolds, one is naturally led to generalizations of the IKKT model involving Nambu-Poisson structures [12, 13] . This is very much in agreement with string theory considerations, which show that the generalized Schild action for higher branes can be reformulated in terms of NambuPoisson brackets, too [50] . Also, recall that the Bagger-Lambert-Gustavsson M2-brane model [7, 8] is based on a 3-Lie algebra 5 , which can be regarded as a quantized NambuPoisson structure.
A Nambu-Poisson structure of rank n on a manifold M is a multivector field π ∈ Γ(∧ n T M ) such that the Nambu-Poisson bracket
satisfies the fundamental identity
cf. [51, 52] . One can show [53] that in a neighborhood of points p ∈ M , where π(p) = 0, there exist local coordinates x 1 , . . . , x n , x n+1 , . . . ,
Conversely, a multivector field that is locally of this form yields a Nambu-Poisson structure on M .
Note that Nambu-Poisson structures form n-Lie algebras in the sense of [54] and therefore naturally yield strict p-term L ∞ -algebras with p = n − 1, cf. the discussion in [55] . Here, however, we are interested in semistrict p-term L ∞ -algebras and do not follow this connection any further.
Given a Nambu-Poisson structure of rank n on some manifold M , we can associate to every antisymmetric p-tuple of functions
for all g ∈ C ∞ (M ) [53] . One can readily verify that the fundamental identity (5.4) is equivalent to demanding that L X f• π = 0, cf. e.g. [56] . In order to generalize the IKKT model to an extended model which is a regularization of a sigma-model involving Nambu-Poisson brackets, we need a quantization of NambuPoisson structures. This is a very subtle problem and for a detailed discussion from our point of view, we refer to [57] and references therein. Here, let us merely recall that in geometric quantization, the Hamiltonian vector fields are to be lifted to an algebra of quantum observables. One might therefore be led to interpreting the Lie algebra of the above defined Hamiltonian vector fields as the algebra of quantum observables on quantized Nambu-Poisson manifolds. As we shall explore now, there is more structure on the space of multifunctions ∧ p C C ∞ (M ) that underlies these vector fields, and it seems more natural to quantize these structures instead.
Using the Hamiltonian vector field (5.6), we can define a product on ∧ p C C ∞ (M ) [58] :
This product satisfies the Jacobi identity
and thus we have a Leibniz algebra structure on ∧ p C C ∞ (M ). This Leibniz algebra induces a Lie algebra structure on the set of Hamiltonian vector fields since the fundamental identity directly translates into the relation
where [−, −] denotes the Lie bracket of vector fields. We can now antisymmetrize the product to obtain a generalization of a Lie structure [59, 60] . We define
The antisymmetrization of * to π 2 clearly broke the Jacobi identity (5.8), and because of (5.11), the failure to satisfy the Jacobi identity is an element of the kernel of
. Therefore, the usual discussion in the literature proceeds to define a set of Casimir multifunctions C (M ) which form the kernel of the map X − . The map X − then becomes a Lie algebra isomorphism between ∧ p C C ∞ (M )/C (M ) and the Lie algebra of Hamiltonian vector fields.
Knowing about the relevance of L ∞ -algebras and the controlled violation of the Jacobi identity, we do not follow this route but work with the space ∧ p C C ∞ (M ) together with the products * and π 2 . Indeed, we can define the following brackets, turning
This 2-term L ∞ -algebra is rather uninteresting and instead of dwelling further on it, let us come to more relevant structures.
Heisenberg Lie p-algebra
A more interesting picture emerges after restricting to multifunctions
, which consist of linear and constant functions in some local coordinates
. This is sensible, as this set of operators forms a complete set of classical observables. Knowing the value of these observables, we know the value of all classical observables (i.e. functions on M ). We further assume that these coordinates are the ones in which the Nambu-structure decomposes, i.e.
We immediately extend the picture to the complex 14) where µ 1 (f • ) := 1 ∧ f • , with µ 1 • µ 1 = 0 obvious. As indicated by the parentheses, we can regard this complex as a resolution of X(M ). Using theorem 7 of [61] together with the second remark after that theorem, we conclude that this complex can be endowed with a p-term L ∞ -structure. We call the resulting L ∞ -algebra the Heisenberg Lie p-algebra
In fact, one can readily define the explicit brackets and these will be useful in the subsequent discussion. We introduce the basis elements
where again p = n − 1. The product π 2 on ∧ p C ∞ (M ) restricts to the following products on H p (M ):
We put all other µ k for k ≥ 2 to zero except for
for ϑ l ∈ H p (M ). It is trivial to check that the higher homotopy relations are satisfied. Since this L ∞ -algebra is finite-dimensional, we can formulate it also in terms of an NQ-manifolds. The underlying graded vector space is
with local coordinates (θ i 1 ...i j ) and (ζ i 1 ...i j ), and the homological vector field Q is given by
Here, the first and the second sum correspond to µ k for k ≥ 2 and µ 1 , respectively. This Heisenberg Lie p-algebra is, however, just a part of a much more interesting structure, which is obtained by switching to a dual picture in terms of multisymplectic geometry.
Multisymplectic manifolds
Just as Poisson structures that provide a non-degenerate map from T * x M to T x M yield symplectic structures, Nambu-Poisson structures that provide non-degenerate maps from ∧ p T * x M to T x M yield multisymplectic structures. Recall that a multisymplectic form of degree n or a p-plectic form on a manifold M is a closed form ∈ Ω n (M ) such that ι X = 0 is equivalent to X = 0 for all X ∈ X(M ). Note that while a symplectic form on M always gives rise to Poisson structures on C ∞ (M ), multisymplectic forms do not necessarily give rise to Nambu-Poisson structures. If, however, the multisymplectic form arises from a volume form on M regarded as a map ∧ p T M → T * M , then the inverse map is given by a multivector field which encodes a Nambu-Poisson structure. Inversely, if a Nambu-Poisson structure π is non-degenerate in the sense that its corresponding multivector field provides a non-degenerate map π : ∧ p T * M → T x M for all x ∈ M , then its inverse is necessarily a volume form and therefore a multisymplectic form on M . This follows from the results of [53] . In the following, we will be mostly interested in this non-degenerate case.
Given a manifold with a multisymplectic form of degree n = p + 1, we can define a set of Hamiltonian (p − 1)-forms Ω for some X α ∈ X(M ). Consider now the case that is the inverse of a Nambu-Poisson structure π. There is a natural map δ :
We then have the identity
That is, the Hamiltonian vector field for an element f • ∈ ∧ p C C ∞ (M ) computed with respect to the Nambu-Poisson structure π agrees with that of δ(f • ) computed with respect to the multisymplectic structure . This is clear because
The products * and π 2 (−, −) we introduced above on ∧ p C C ∞ (M ) turn into products * and π 2 (−, −) on the Hamiltonian (p − 1)-forms as follows:
The products on Hamiltonian p−1-forms have been introduced before [62] and in [14] , they were called the hemi-bracket and the semi-bracket, respectively. Altogether, we recovered the Lie algebra of Hamiltonian vector fields and the additional product structure also in the multisymplectic case. Note that the above products * and π 2 (−, −) on Hamiltonian (p − 1)-forms can be defined on arbitrary multisymplectic manifolds:
Ham (M ). The product * satisfies the Leibniz rule, but it is not antisymmetric. The product π 2 is antisymmetric but does not satisfy the Jacobi identity. The latter product is interesting to us and it can be extended to an n-term L ∞ -algebra on 26) as shown in [63] using results of [61] . The brackets here are given by µ 1 = d and the other brackets all vanish except for
Ham (M ). We will refer to this L ∞ -algebra as the strong homotopy Lie algebra of local observables, or shlalo for short.
When we restrict ourselves to forms which are constant or linear in the coordinates and minimally complete this set to a closed Lie p-algebra with respect to the original brackets, we obtain the Heisenberg Lie p-algebra on the corresponding complexes. One readily sees that for multisymplectic manifolds whose multisymplectic form arises from a Nambu-Poisson structure, the restricted shlalo is isomorphic to the Heisenberg Lie palgebra of the Nambu-Poisson structure.
As a nontrivial example of a 2-plectic manifold, consider the natural 2-plectic structure on a compact simple Lie group G given by [64] (
for X, Y, Z ∈ X(G), where −, − is the appropriately normalized Killing form and [−, −] is the Lie bracket on the Lie algebra of G. From this 2-plectic structure, we obtain an infinite dimensional Lie 2-algebra. Moreover, the sub Lie 2-algebra of G-left-invariant one-forms is the string Lie 2-algebra of G [65] .
There is an interesting connection between symplectic NQ-manifolds and shlalos of multisymplectic manifolds. As shown in [66] , Courant algebroids, i.e. symplectic NQmanifolds concentrated in degrees 0, 1 and 2, come with a natural 2-term L ∞ -algebra. In the special case of twisted Vinogradov algebroids, this 2-term L ∞ -algebra contains an L ∞ -subalgebra, which is isomorphic to the shlalo of a 2-plectic manifold [67] . Later, this picture was extended, and the general statement is the following. Given a p-plectic manifold (M, ), one can construct the Vinogradov algebroid T * [p]T [1]M over M twisted by , cf. [18] , which comes naturally with a p-term L ∞ -algebra [68, 69] . This L ∞ -algebra then contains an L ∞ -subalgebra which is isomorphic to the shlalo of the p-plectic manifold M [26].
Quantization and emergence of multisymplectic manifolds
While a full procedure for quantizing multisymplectic manifolds has yet to be developed, it is not difficult to infer some of its desired properties as done in [6] . This will be sufficient for our subsequent discussion.
Essentially, classical quantization consists of a Lie algebra homomorphism to first order in , which maps the Poisson algebra of smooth functions on a Poisson manifold to a Lie algebra of quantum observables. Here, is a parameter that governs the quantization. From our above discussion, it seems clear that the Poisson algebra of smooth functions should be replaced by the p-term L ∞ -algebras arising on Nambu-Poisson manifolds with non-degenerate Nambu-Poisson tensor of rank n = p + 1. These form the shlalo of the corresponding p-plectic manifold. Therefore, a quantization is an L ∞ -algebra homomorphism to first order in mapping this shlalo to an L ∞ -algebra of multisymplectic quantum observables. This approach is in line with that of [70, 71, 72] .
There are now essentially two possibilities for defining homomorphisms of p-term L ∞ -algebras, see [26] for a very detailed discussion. We can simply regard them as graded vector spaces endowed with brackets and demand that a homomorphism is a chain map of the underlying graded vector spaces which commutes with all the brackets in the obvious way. On the other hand, one might want to regard p-term L ∞ -algebras as Lie p-algebras, and correspondingly as p-categories. Then a homomorphism should be a weak p-functor between the underlying categories. The latter is also very reasonable from regarding L ∞ -algebras as NQ-manifolds, because it corresponds to morphisms of NQ-manifolds. In [6] , however, all interesting results were obtained from the former approach and we therefore restrict to chain maps in the following.
In classical quantization, the quantization homomorphism up to first order in often restricts to an exact homomorphism of Lie algebras on the Heisenberg algebra. Moreover, we say that a Kähler manifold is a vacuum solution of a set of equations of motion if the generators of its Heisenberg algebra (i.e. the subalgebra of the Poisson algebra consisting of linear and constant functions) provide a non-trivial solution to these equations.
We expect to see the same in higher quantization. That is, the quantization homomorphism up to first order in should restrict in the relevant cases to an exact homomorphism of L ∞ -algebras on the Heisenberg Lie p-algebra H • (M ). In particular, by saying that a multisymplectic manifold of rank n is a vacuum solution of a set of equations of motion, we mean that these equations are non-trivially solved by the generators of the Heisenberg Lie p-subalgebra of the shlalo of the manifold.
As in the case of the IKKT model, we will often rely on embeddings of our multisymplectic manifolds into flat Euclidean space and use the Heisenberg algebra in these coordinates. For example, the fuzzy sphere arises as a solution of the IKKT model with a 3-form background field as a quantization of the Heisenberg algebra [73, 74] 29) where x i are Cartesian coordinates on R 3 with |x| = 1, describing S 2 as being embedded into R 3 . The corresponding picture for S 3 was given in [6] and below, we generalize this to arbitrary S n , n ≥ 2.
5.6. Central Lie p-algebra extensions of so(n + 1)
Consider the sphere S n embedded in R n+1 as |x| = 1. We would like to determine the corresponding Heisenberg Lie p-algebra H • (S n ) in terms of the Cartesian coordinates x i . All our equations below hold modulo |x| 2 = 1. The generators of the Heisenberg Lie n-algebra are
. . .
Note that all generators are central except for ϑ µν . To calculate the higher brackets, note that the volume form of S n reads as
The Hamiltonian vector fields X ϑµν = X κ ϑµν ∂ ∂x κ should be in T S n and therefore X κ ϑµν x κ = 0. To determine X ϑµν , we use the equation ι X ϑµν = dϑ µν in the form
Using the usual identities for the totally antisymmetric tensors of so(n + 1), we find that 33) and the Lie algebra of Hamiltonian vector fields is so(n + 1), as expected. The Heisenberg Lie p-algebra product π 2 reads as
where 6 in the case n = 3,
Altogether, we see that the Heisenberg Lie p-algebra of S n is a central extension of the Lie algebra so(n + 1) to a Lie p-algebra. This result matches an important expectation: In the case n = 3, the resulting Lie 2-algebra agrees at the level of vector spaces with the 3-Lie algebra A 4 underlying the BLG model [7, 8] ; see also [55] and [75] for connections of this model with higher gauge theory.
L ∞ -algebra models
In our previous paper [6] , we distinguished between homogeneous Lie 2-algebra models, in which the fields were simply elements of a 2-term L ∞ -algebra and inhomogeneous Lie 2-algebra models, in which each field was an element of a homogeneously graded subspace of an L ∞ -algebra. The homogeneous models form a special case of the inhomogeneous ones and have a larger symmetry group.
We will start by discussing homogeneous L ∞ -algebra models of Yang-Mills type, before continuing with the inhomogeneous L ∞ -algebra models arising from a dimensional reduction of the gauge part of the six-dimensional (2, 0)-theory. We then show how dimensionally reduced higher Chern-Simons theories provide a unifying picture.
Homogeneous L ∞ -algebra models of Yang-Mills type
As a simple example of a homogeneous L ∞ -algebra model, we consider fields X I , I = 1, . . . , N taking values in a metric L ∞ -algebra L together with the following obvious generalization of the IKKT action:
where the outer brackets denote the cyclic inner product, m is a mass term and the c I 1 ...I i are constants, possibly arising from background fluxes in string or M-theory. The corresponding equations of motion are readily derived varying (6.1) and using (2.16):
6 Note that our paper [6] contained an typographical error, and the last two signs of R µνκλ were interchanged in the discussion of S 3 .
We now briefly generalize the special cases and their solutions discussed in [6] for homogeneous Lie 2-algebra models to L ∞ -algebra models.
If m and all background fluxes c I 1 ...I i vanish, we readily obtain a solution from the Heisenberg algebra H • (R n ) of R n , regarded as a p-plectic manifold with the multisymplectic form being the volume form. In Cartesian coordinates, we introduce the Hamiltonian (p − 1)-forms
where ε i 1 ...in it the totally antisymmetric invariant tensor of so(n). The corresponding Hamiltonian vector fields are
Because the latter is central in H • (R n ), putting X i = ϑ i for i = 1, . . . , n and X I = 0 otherwise, yields a solution to (6.2) for m = c = 0. Note that for n = 2, this is actually the usual way of obtaining the Moyal plane as a solution from the IKKT model. If n is small enough compared to N , we can also consider Cartesian products of multisymplectic manifolds, just as Cartesian products of the Moyal plane solve the IKKT model. There are now two complementary choices of parameters m and c, which lead to solutions of (6.2) built from the Heisenberg Lie p-algebra of the spheres S n , which we computed above in section 5.6. The field configuration X I we are interested in are given by It is clear that one can similarly choose non-trivial (n + 1)-form fluxes c i 1 ...i n+1 or use a combination of mass and (n + 1)-form fluxes to obtain the spherical solutions (6.5). Again, in the case n = 2 of a symplectic form , this is the usual way of obtaining the fuzzy sphere as a solution of the mass or flux-deformed IKKT model. Cartesian products of spherical solutions can certainly be obtained, too, and they can also be generalized to products involving spheres and flat space.
L ∞ -algebra model of the (2, 0)-theory
The maximally superconformal field theory in six dimensions, or (2, 0)-theory for short, is in many ways the six-dimensional analogue of N = 4 super Yang-Mills theory. Since the dimensional reduction of the latter yields the IKKT model, it is natural to ask what the dimensional reduction of the former might lead to.
Recall that the field content of the (2, 0)-theory consists of a tensor multiplet containing a 2-form gauge potential with self-dual curvature 3-form. While even the existence of a classical description of the non-abelian (2, 0)-theory is still an open question, we can make an obvious naïve guess. We simply consider higher gauge theory capturing the parallel transport of one-dimensional objects, which are supposed to correspond to the self-dual strings in the (2,0)-theory. Starting from a 2-term L ∞ -algebra g = W ⊕ V , we have a potential one-form A taking values in W and a potential 2-form B taking values in V . These come with curvatures
and
which we demand to be fake-flat and self-dual, respectively:
We then dimensionally reduce this theory to zero dimensions to obtain an inhomogeneous Lie 2-algebra model with equations of motion 7
This model is solved by the Heisenberg Lie 2-algebra of R 1,2 × R 3 as follows. In terms of Cartesian coordinates x 0 , . . . x 5 on this space, this Heisenberg Lie 2-algebra is the direct sum of the Heisenberg Lie 2-algebras of R 1,2 and R 3 . The latter two are in fact isomorphic and we define generators
We now put, for i + 3 = a,
This clearly solves (6.10) . This is fully expected, since it is the categorified lift of the fact that noncommutative Minkowski space, as far as it can be sensibly defined, is a solution of the IKKT matrix model.
L ∞ -algebra models from higher Chern-Simons theory
Let us now come to a dimensional reduction of higher Chern-Simons theory. That is, we consider the AKSZ action (3.17) and dimensionally reduce it to a point. For this, we can follow the procedure outline in section 4.2. We start from an n + 1-dimensional contractible manifold Σ and a symplectic NQmanifold M of degree n concentrated in positive degrees. Gauge configurations here are described by morphisms f of NQ-manifolds from
After the dimensional reduction, this is reduced to a morphism of NQ-manifolds from R n+1 [1] , endowed with the trivial homological vector field, to
The AKSZ action therefore reduces to possibly the most natural choice: a pullback to R n+1 [1] of the Hamiltonian S of the homological vector field Q on M:
where Z A are coordinates on the vector space M. The pullback f * (Z) can be decomposed according to φ := f * (Z) = k≥1 σ k ϕ (k) = A − B + . . ., where σ k is a factor inserted for convenience, cf. (2.12), and ϕ (k) take values in M[−1] k and are therefore homogeneous polynomials of degree k in the Graßmann coordinates parameterizing R n+1 [1] . In terms of φ, the reduced AKSZ action reads now as follows: 14) where the inner product is a combination of the inner product on the original L ∞ -algebra and a projection of the product of the two entries onto the top component in terms of the Graßmann coordinates.
It is now only natural to generalize the action (6.14) to a homotopy Maurer-Cartan action S hMC in which φ is an element of arbitrary degree in an arbitrary L ∞ -algebra. Such actions are relevant e.g. in the context of string field theory, cf. [32] . The resulting equations of motion, 15) are known as the homotopy Maurer Cartan equations [31] . They are invariant under the gauge transformations [31] , see also [32] :
. . , φ) , (6.16) where γ is a degree 0 element of the L ∞ -algebra under consideration. Because of the canonical choice of the action S hMC , the only input data into our model is the symplectic NQ-manifold, whose degree and dimensionality fixes completely the fields. This strict limitation of input data is a very appealing feature of this type of L ∞ -algebra model.
Homotopy Maurer-Cartan equations and physically motivated models
Let us now briefly connect the homotopy Maurer-Cartan equation to physically relevant models. There are essentially two ways of doing this. First, for gauge field theories whose equations amount to flatness conditions on a curvature along some subspace, we can develop twistor descriptions encoding the equations of motions in certain holomorphic vector bundles. These bundles are then described in terms of holomorphic Chern-Simons theory, which are clearly of homotopy Maurer-Cartan form. Examples for such field theories are the (super) Yang-Mills theories and self-dual Yang-Mills theories discussed in section 4.3, as well as the candidate (2,0)-theories mentioned in the same section.
Another possibility is to note that open and in particular closed string field theory [32] has the homotopy Maurer-Cartan equation as equation of motion. In the derivation of Yang-Mills theory from string field theory, one has to rewrite the Yang-Mills equations in homotopy Maurer-Cartan form [9, 10] . Finally, one can readily guess a homotopy MaurerCartan form of both the Yang-Mills equations or e.g. the equations of motion of the BLG M2-brane models [7, 8] , as done in [11] . We briefly demonstrate how this works in the case of the six-dimensional (2, 0)-theory.
Consider a 2-term L ∞ -algebra g = (V µ 1 → W ) with products µ k , 1 ≤ k ≤ 3. We extend g to a 3-term L ∞ -algebrag = (F µ 1 → P µ 1 → C) of g-valued functions, potentials and curvatures as follows: 17) where F , P and C are the elements of degree 0, 1 and 2. All productsμ k ong involving elements from F or C are defined to vanish, and on P we definẽ µ 1 (p) = ±dp ∓ * dp + µ 1 (p) − * µ 1 (p) , where * denotes the Hodge star on R 1,5 with respect to the canonical volume form and the signs inμ 1 have to be chosen appropriately for forms p of even and odd degree. The homotopy Maurer-Cartan equations ong are equivalent to the pure gauge part of the (2,0)-theory (6.9) and read as F = * F = 0 , H = * H (6.19) where F = dA + We conclude that with the right choice of L ∞ -algebra, the homotopy Maurer-Cartan equations can reproduce a wide range of physically relevant and interesting equations of motion.
Multisymplectic solutions to L ∞ -algebra Chern-Simons theory
Let us now come to considering solutions to the zero-dimensional reduced higher ChernSimons models we constructed previously. We expect in particular that p-plectic R n , with the volume form as p-plectic structure, always solves a twisted form of the homotopy Maurer-Cartan equations. As we had seen in [6] , to obtain quantized R 3 as a solution to a 3-dimensional BF-theory, we needed to add a twist to the action, very similar to the case of noncommutative Yang-Mills theory. Here, we wish to incorporate the twist involving Lagrange multipliers, which originate from singling out a direction of the unreduced AKSZ model. That is, we would like to obtain quantum R n as a solution to the dimensional reduction of (n + 1)-dimensional higher Chern-Simons theory.
We start from a morphism of graded manifolds φ between the Graßmann algebra R n+1 [1] with coordinates ψ i and the Lie p-algebra g [1] with basis τ A . We decompose the underlying fields according to 20) where the degree of φ A i 1 ···i kτ A (and thus that ofτ A ) is k − 1 in g. We pick the direction of x n+1 and promote fields with components along this direction to Lagrange multipliers: where t denotes potential contributions from the twist t. Let us start by considering the case n = 2, for which the gauge L ∞ -algebra is an ordinary Lie algebra g, the field φ is given by φ = φ 1 ξ 1 + φ 2 ξ 2 + λξ 3 . The equation of motion for the φ 1 and φ 2 read as This twist turns out to be the one that works also for all higher values of n. To find the solutions for higher n, we can proceed exactly as in the Lie 2-algebra case discussed in [6] . In particular, we can consider p-plectic R n , with p = n − 1 and volume form = 1 n! ε i 1 ···in dx i 1 ∧ · · · ∧ dx in in terms of the usual Cartesian coordinates x i on R n .
On (R n , ), we construct the Heisenberg Lie p-algebra H • . In the basis ϑ i of (6.3), we have the non-trivial higher products 28) and other fields according to
Altogether, we can thus conclude that the expected quantization of multisymplectic R n comes with a Heisenberg Lie p-algebra which solves the twisted homotopy Maurer-Cartan equations. Note that the homotopy Maurer-Cartan equations are essentially invariant under L ∞ -algebra isomorphisms of the L ∞ -algebra under consideration. That is, even by choosing isomorphic Heisenberg algebras, we cannot remove the twist element.
